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In this and the succeeding communication we outline
a method for obtaining the variational solution of the
SCHROEDINGER equation for finite Fermion systems.
We consider the Schroedinger equation
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where v;; is in general a non-local, translation in-
variant, symmetric potential without hard core. This
includes the TABAKIN-potential! for nucleons or the
Coulomb potential for electrons in an atom; the system
under study may be a finite nucleus or the electrons
of an atom. The new method is based on a trial func-
tion (called correlated wave function) of the form 2

W=yf+yc (2)

where yr is the Hartree-Fock (HF) wave function built
from the orbitals @, ... D4 and
wo= 2 fAGE) + X OGEH +... (3)
i<j i<j<l
e fA(1,2,...,A4).

In this finite sum the successive terms represent two-,
three-, . . . A-particle correlations where e. g.

f@(ij)=Ad{D;;12) DADGj12)}  (4)

and @D;j, Diji ... etc. are arbitrary, antisymmetric cor-
relation functions, D4~2 is the (4—2) determinant
obtained from g by striking out the rows containing
®; and ®; and the coordinates 1 and 2; A is an anti-
symmetrizer, All properties of (3) along with the ma-
trix components of the Hamiltonian in (1) can be ob-
tained as straightforward generalizations of the Cou-
lomb case developed earlier by one of us 2.

We define the HF energy as Er={yr | H|yr) and
the energy of the n-particle approximation E™ (2 < n
< 4) as

E® —Min. {Cp®) | H|p®)/Gp® | )}

where (" contains wr plus all terms in (3) up to
and including the n-particle correlated functions f().
The method consist of computing successively Ef,
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2 Generalization of a method developed previously for Cou-
lomb forces: L. Szasz, Z. Naturforsch. 14a, 1014 [1959] ;
15a, 909 [1960]; Phys. Rev. 126, 169 [1962]; 132, 936
[1963] ; J. Math. Phys. 3, 1147 [1962].

1855

E® E® .. . ,EA where the energy at each step, is
an upper limit to the true eigenvalue of (1), i.e.

Er>E®>E®. .. . >E4>E.

Defining the correlation energy of the n-particle ap-
proximation by EW =E® _E®~1) where 2< n < 4
and EM) = Ef we get the variational solution as

A =
Ev=Ep+ D EM,

n=2

In the present note we outline the calculation of Ef

and E®. For Er the energy minimum principle leads
to the HF equations Hr @;=¢; @; where Hr=t+2 U;

1
and U; is the (non-local) HF potential related to @;;
the HF energy is given as Ep= X e —3% S e&;; where

i ij
£ij={®;| U; | D;) . The calculation of E® is done by
using the idea of the independent-pair model ® which
was first suggested bz BRUECKNER 3, extended and re-
fined by BETHE 3, BETHE and GOLDSTONE 3 and most
clearly by GoMEs, WALECKA and WEISSKOPF 3. We as-

sume that each @;; can be computed independently,

one at a time; in the formula for E® however, we do
not make any approximations. Let &; be the correla-
tion energy of one pair. We get the equation for ®;;
by varying &;; the results will depend on the sub-
sidiary conditions. It can be shown that the “strong”
orthogonality condition [ ®@s*(1) @;;(12) dg;-=0 (for
s=1,2,...,A;s=+ij) which is called the partial-
orthogonality is non-restrictive 2. With this condition
we get

(Hij+ Pz 0ij) Dij=Eij Pij+ (&ij— P12 0ij) wij  (5)
where

H;;j=Hr (1) +Hr (2) —&i—¢;j

and

0ii = v, —U;(1) = Ui (2) =U; (1) —U; (2) +e&ij -

For P, we have Py,=P; P, where P; is a projection
operator removing the HF orbitals except @; and P;
and w;; = det[D; D;]. Using (5) we get for the cor-
relation energy
E@ — &ij Nij ﬁ, 6
i;i N, - Ny ©
where Nj; is the normalization constant if only the pair
(i j) is correlated, N, is the full normalization constant
and X, contains the off-diagonal matrix components of
the Hamiltonian with respect to @;;’s with different
orbital indices.
A different equation is obtained for @;; if the slight-
ly restrictive so-called total orthogonality condition

3 K. A. BRUECKNER and C. A. LEVINSON, Phys. Rev. 97, 1344
[1955]; H. A. BETHE, ibid. 103, 1353 [1956]; J. GoLp-
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GoMEs, J. D. WALECKA, and W. F. WEisskoPF, Ann. Phys.
(N.Y.) 3,241 [1958].
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[ Ds* (1) Dij(12) dgy=0 [for s=1,2,...,4, with
(ij) included] is introduced 4. In this case one gets*

(Hij+ P15 0ij) Dij=Eij Dij— P12 Oij pij (7
4 0. SiNaNOGLU, J. Chem. Phys. 36, 706, 3198 [1962].
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In the preceding note ! we outlined a method for ob-
taining the variational solution of the Schrédinger equa-
tion of finite Fermion sytems 2. The energy of the sys-

A .
tem was written in the form Ev=Er+ X E™ where
n=2

Eyr is the Hartree-Fock energy and E™ is the cor-
relation energy of the n-particle approximation (2 < n
< A). In the preceding note! (referred to as I) we

outlined the calculation of Er and E®. In order to
get the 3-rd order correlation energy we minimize the
energy of the system using the trial function

y=yr+f® (k) (1)

where the notation is the same as in I. This method
may be called the method of “independent triplets™ 3;
the results again depend on the subsidiary conditions.
If the 3-particle functions D;j; satisfy the non-restric-
tive partial orthogonality condition ? (strong-orthogonal
to all HF orbitals except @;, @;, P;) we get the equa-
tion
(Hiji+ Py2y Oiji] Piji

=&ijk Dijk+ [&ijk — P1os Oiji] pijr: ~ (2)
where & is the correlation energy of one triplet (re-
lative to Er) and the symbols are the logical generali-
zations of the symbols used in Eq. (5), of I. Using the
D;ji’s computed from (2), one at a time, one gets

E®— 3 sirlNik | I pe) (L"si!"z) (3)

i<i<e Ns N3 Ny
where Njji is the normalization constant if only the
triplet (ijk) is correlated, N, and Ny are the full nor-
malization constants in the two- and three-particle ap-
proximations; 3 contains the off-diagonal matrix com-
ponents of the Hamiltonian between 2- and 3-particle
functions.
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where the symbols mean the same as in (5) except
now P; removes all HF orbitals. For the correlation
energy one gets again an expression like (6) but with
slightly different meaning for N;j, N, and X,; the form
of X, is simpler with total orthogonality.

If @ijr in (1) is subjected to the slightly restrictive
total orthogonality (strong orthogonal to all HF orbi-
tals) then we obtain an equation similar to (2) but a
closer investigation shows that it has only the trivial
solutions &;jz=0. Therefore, in the case of total ortho-
gonality the energy has to be minimized with respect
to the trial function

Y=yr+ ; 1@ @) +19 Gjk), (4)
i<j
and we get, assuming that yr and the f(®’s are known
from the preceding step the equation for @;jz:

[Hijk+ Pyss Oiji] Pijk

= (Zijk+E®) Pijre —Pyog Lijk,  (5)
where the symbols are the same as in (2) except the
projection operators now remove all HF orbitals; the
function Lij; contains the @;;'s which are present in

the equation because of (4). Using the @D;ji’s, com-
puted from (5), one at a time, we get

E®= Y Fiilx}VNiik, + ff’ i (6)
i<j<k 3 Vg

where Njji is the normalization constant of (4), Ny is
the full normalization constant in the three-particle ap-
proximation and y3; contains the off-diagonal matrix
components of the Hamiltonian with respect to @;j;’s
with different orbital indices.

Beginning with the 4-particle approximation the cor-
relation function has to be written as the sum of real
n-particle collisions (“linked clusters”) plus simul-
taneous 2-, 3-, etc. particle collisions (“unlinked clus-
ters”). We put Dijrr=D Y+ @y where the first is
the “real” 4-particle collision, the second is the pro-
duct of simultaneous two-particle collisions. By putting
@U—0 first, one gets PL in the same way as in the
3-particle case; then adding @V one gets the com-

plete E®. (One can assume that @U is built from 2-
particle @;;’s). Using total orthogonality we get

U
Eo_ ¥y emNiw 4y A + Ay

ke Ny i i N,
o BAEE 43 @
N, )

where &jr1, Nijri, Ny and X‘{‘ are similar to the cor-
. . T ij .
responding symbols in (6) ; A,-[jk, and XY are the dia-

forsch. 14a, 1014 [1959]; 15a, 909 [1960]; Phys. Rev.
126, 163 [1962]; 132, 936 [1963] ; J. Math. Phys. 3, 1147
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3 Generalization of the “independent pair” model. See Ref. 3
in L.



